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Abstract In this work we take a formal approach to the problem of decoupling 
Proca equations in curved space-times. We use Newman-Penrose (NP) two- 
spinor formalism to represent the Proca vector by one complex and two real 
scalars. We show that a decoupled second order differential equation for one of 
the real scalars can be derived if and only if the background space-time admits 
a covariantly constant null vector. Thus, the background space-time must be 
a pp-wave vacuum. We evaluate the separability of Proca, Maxwell and Dirac 
equations on the resulting pp-wave background. 
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1 Introduction 

Wave equations representing massive and massless fields in curved space-times 
have been extensively studied since 1970’s. The solutions describing the prop¬ 
agation of fields are required in various problems including -but not limited 
to- black hole stability, Hawking radiation and scattering and absorption of 
test fields. In an analytic approach it is essential to decouple individual de¬ 
grees of freedom and achieve separation of variables, so that the system can 
be reduced to a set of decoupled ordinary differential equations. In that con¬ 
text, massive scalar field equation in Kerr background was first separated by 
Matzner [I]. Unruh decoupled and separated massless Dirac equation in Kerr 
background [5]. Teukolsky decoupled massless field equations for scalar, neu¬ 
trino, electromagnetic, and gravitational fields and derived a separable master 
equation parametrized to represent each case [3]. Chandrasekhar decoupled 
and separated massive Dirac equation in Kerr background [4] . Page decoupled 
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and separated Dirac equation in Kerr-Newman background which represents 
a charged, rotating black hole [5]. The wave equation of a massive real scalar 
held was also separated in Kerr-Newman background [6]. The wave equation 
representing Rarita-Schwinger held (spin 3/2) was decoupled and separated 
by Giiven in Kerr background [7], later this was generalised to Kerr-Newman 
space-time [5]. Separation of variables for the equation of a complex massive 
scalar held in Kerr-Newman background was also studied [3]. This was gen¬ 
eralised to the case of dyonic black holes which can have magnetic charge, 
by Semiz m- Massive complex Dirac equation in dyonic Kerr-Newman back¬ 
ground was also decoupled and separated by Semiz [Hi¬ 
lt turns out that the equations describing all massive and massless helds 
can be decoupled and separated in Kerr background except massive spin 1 
or Proca held. The longitudinal degree of freedom acquired by spin 1 held 
when the mass term is introduced, prevents the full decoupling of different 
components of the held in black hole space-times. For that reason authors 
have recently employed numerical techniques to solve separable but coupled 
wave equations for massive vector helds in Schwarzschild background [I1II3], 
where one degree of freedom can be decoupled only. 

In this paper we take a formal approach to study the problem of decoupling 
the Proca equation. Using Newman Penrose (NP) two spinor formalism [14j . 
we derive the conditions that should be satished by space-times, to enable the 
decoupling of Proca equation; and outline the treatment of Dirac, Maxwell 
and Proca helds in this context. 


1.1 Vectors and spinors 

Let (o, t) be a spin-basis for a two dimensional vector space S over complex 
numbers C, endowed with a symplectic structure eab = —f-BA- The condition 
that (o, i) is a spin basis for S gives 

eABO^o^ = eAB^^t^ =0 , . 

, , „A,B _ 1 Ul 

eABO L — i 

Every spin basis induces a tetrad of null vectors. 

r = 0 ^ 0 ^' n“ = L^l^' = 0 ^ 1 ^' ffi‘^ = i^d^' (2) 

I and n are real while m and rh are complex (conjugates). The NP null tetrad 
satishes orthogonality relations 

= rial^ = —mafh°' = —fham°' = 1 

= 0 (3) 

A hermitian spinor 0 is dehned to be one for which 0 = 0. For this to 
make sense 0 must have as many primed as unprimed indices and relative 
positions of the unprimed indices must be the same as the relative positions of 
the primed ones. Hermitian spinors can be identihed with the tangent space 
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(at a point) of a 4 dimensional manifold M. The simplest example is 0^^ . 
There exist scalars f}, ( such that 

0^^' = ^0^0^' + + C,i^d^' (4) 

As a consequence of the requirement that 0^^ is hermitian, ^ and rj real. 
Thus, the set of hermitian spinors forms a real vector space of dimension 4. In 
spinor analysis we identify this with Tp{M), the tangent space at a point in a 
4-manifold M . Similarly the set of hermitian spinors 0aa' forms a real vector 
space dual to the one above, which will form the cotangent space T*{M). 
This identification, -which is denoted by relabelling AA' i-a a- enables the 
expression of tensors in the language of spinors (see e.g. 


1.2 The spinor covariant derivative 


The spinor covariant derivative is defined axiomatically as a map Va = V^A' : 
0... ^ 0...;AA') where 0 is any spinor field. In the NP formalism, derivatives 

are projected onto the null tetrad, hence conventional symbols are defined for 
those projections, 

D = rVa, A = n^Va, S = m‘^Va, 6 = m^Va (5) 


and Va can be expressed as a linear combination of these operators: 

Va = gj Vb 

= {nj^ + - rfia'm’’ - ma'm}’)Vb 

= naD + laA - rhaS - maS (6) 

One can replace Vo by (|6]) and contract with the NP vectors to convert all 
tensor equations ultimately to sets of scalar ones. Although this usually leads 
to a vast set of equations the fact that only scalars are involved and that most 
problems involve discrete symmetries makes them easier to handle. Evaluation 
of the derivatives requires evaluation of the derivative operators acting on basis 
spinors, hence we need to define the NP spin coefficients 


Doa = eoA — kca Dla = ttoa — ei-A 
Aoa = JOA - TLA Ala = voa - i^a 
5oa = POA - CrtA SjA = fiOA - Pla 
Soa = CtOA ~ pi'A Sla = Aoa ~ CtLA 

From © one directly reads that o"^Doa = n, o'^DiA = e and so on, which is an 
alternative wave of defining NP spin coefficients. The action of the derivative 
operators on the null vectors follow from (I2|) and ([7|). 

Dl = + e)l — Rm — Kfh Dn = — (e + e)n + irm + ttto Dm = irl — Kn + {e — t)m 

ZiZ = (7 + 7)1 — fm — Tffi An = — (7 + p')n + nm + vffi Am = Dl — rn + (j — 7)771 

61 = (a + P)l — pm — am 5n = —(a + P)n + pm + Xfh 5m = XI — an + {P — a)m 

5m = p,l — pn + {a — p)m 
( 8 ) 
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Since we are only dealing with scalars for any NP quantitiy (j), 'S/[a^b]4‘ = 0. 
This leads to commutation relation for NP derivative operators. 

{5D — D5)il) = [{a + j3 — tt)D + kA — (p + e — e)6 — (t5]'0 
{AD — DA)'ip = [(7 + j)D + (e + e)A — (f + Tr)6 — (r + 7 r)d ]'0 
{6 A — A6)'ijj = [—DD + {t — a — j3)A + (p — 7 + 7)15 + \5]ip 
(SS — d5)tp = [{p, — fj,)D + {p — p)A + (a — P)S — {a — P)S]4’ (9) 

2 Proca fields 

Proca equations describe massive vector fields. The Proca bivector is de¬ 
fined in terms of the vector potential by The field 

equations are simply 

= 0 ( 10 ) 

where m is the mass term. There is no gauge freedom in Proca theory. The 
Lorentz condition V^A^ = 0 is a consequence of the field equations. In Ricci 
flat space-times {R^v = 0) the Proca equation reduces to the massive wave 
equation 

-h = 0 (11) 

In NP formalism Vh is given by ([HI), and by means of m the vector field can 
be expressed in the form: 

A“ = -t 7771 “ -h -f ( 12 ) 

The Proca equation CH) consists of four equations which can be derived by 
multiplying it (from the left) with la, ria, rua, and fha, respectively. Let us 
check if one can obtain a decoupled equation. 

Proposition 1 The Proca equation can be decoupled for one of the real scalars 
if and only if the background space-time contains a covariantly constant null 
vector. 

Proof As we see in ([5]) the components of the directional derivatives of 
in the direction of n“ vanish in general. If one requires that the directional 
derivatives of m“ and to® in the direction of n“ also vanish, one can obtain a 
decoupled equation for 77 , since in that case, terms proportional to Cn“ or 
will not occur in the explicit form of the first Proca equation. Now, consider 
a space-time that contains a covariantly constant null vector = 0 => HZ = 
Al = 51 = 0. This implies K = cr = p = r = 0. Using ([5]) one can also show 
that (e -f e) = (7 -f 7 ) = (d -f /3) = 0, which will simplify the problem to some 
extent. The directional derivatives of n and m are now given by 

Dn = TTTO -|- 7 rm Dm = itl -\- 2em 
An = vm -\- vrh Am = Dl -\- 2"fm 
6n = pm -\- Xm dm = X — 2am 
Sn = prh -|- Am 5m = pi 2am 


( 13 ) 
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Now we multiply the Proca equation m from the left with la to obtain a 
decoupled second order differential equation for rj. 

laiV^VbA^ + = [DA + AD-dd- SS 

+ (p. + p,)D + {2a — n)6 + {2a — 7r)S + = 0 (14) 

m proves that decoupled equation for rj can be found ifK = r = cr = p = 0. 
Conversely, let us assume that one of the spin coefficients k, t, a, p does not 
vanish. Then the derivatives of the terms ()m“ and C,ifA will produce terms 
proportional to and ('n“. When we multiply the Proca equation from the 
left with la, the resulting equation couples rj and ({. Thus decoupling is not 
possible. 

Now let us choose a spin basis (o, i) such that the covariantly constant null 
vector corresponds to n“. In that case Vn® = 0, and the directional derivatives 
of the null vectors m“ and have no components in the direction of 1°“ since 
TT = i' = X = p = 0. In that case, one can multiply the Proca equation from 
the left with Ua to derive a decoupled equation for the other real scalar 

na(V'’VfcA“ + = [DA + AD - 66 - 66 

— {p + p)A + {2a + t)5 + {2a + f)6 + m'^]^ = 0 (15) 

By the same argument (fT51) will include C terms if at least one of the spin 
coefficients tt, v, A, p, does not vanish. 

In (fT^ we have considered the decomposition of the Proca vector over the 
NP tetrad. Let us also consider the decoupling problem for the Proca equation 
with respect to the components of the Proca vector in an orthonormal basis. 

Corollary 1 Let A* {i = 0,1, 2, 3) be the components of the Proca vector A“ 
in the orthonormal basis ej, and l,n,m,rh be the null vectors which constitute 
the corresponding null tetrad. Then a decoupled equation for (A° — A^) can be 
derived if VI = 0, and a decoupled equation for (A° + A^) can be derived if 
Vn = 0. 

Proof The Proca vector is given by 

A“ = A°eT + A^ef + A^e^^ + A^eL 

The orthonormal tetrad and the NP tetrad are related by (see e.g. [15]) 

Cq = (l/-\/2)(Z + n) ej = (1/\/2)(to + m) 
ej = (l/-\/2)*(w — m) Bq = {l/\/2){l — n) 

Using m, one can compare m and (ITOl) to see that ^ = (A° + A^), 

(A° — A^), C = (A^ + zA^), and <( = (A^ — iA^). Then the result follows from 
proposition ©• 


(16) 

(17) 
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The explicit forms of the equations nQ(V^VbA“+TO^A“) = 0, TOa(V^VbA“+ 
= 0, and faa{V^'S/bA°' + +m^A“) = 0 are given in appendix. The 
equation maiy’^ybA°‘ + m?A°‘) = 0 couples ry and (, and its complex conju¬ 
gate fhaiy’^ybA'^ + m'^A°-) = 0 couples rj and (. The equation Uaiy’^ybA°‘ + 
m?A°‘) = 0 couples rj, and (^. In principle, one can obtain a solution for 77 
from m and substitute it into the equation maiyybA°‘ + m'^A°-) = 0 to 
derive a decoupled equation for Finally the solutions for rj and C. can be 
substituted into the equation na{V^\7bA°' + m'^A°‘) = 0 to derive a decoupled 
equation for Thus, a complete solution for Proca equation can -in principle- 
be found via a solution for (HI in a space-time that contains a covariantly 
constant vector field. 

The space-times that contain a covariantly constant vector field are known 
as pp-wave space-times. These are exact solutions to Einstein’s field equations 
compatible with radiation associated with a classical massless field, and they 
are everywhere of Petrov type N m (see e.g. m)- In all space-times of type 
N the repeated principal null direction generates a geodesic, shear free null 
congruence (k = cr = 0), however all type N space-times do not contain a 
covariantly constant null vector. Decouplings m and m are only possible 
in pp-wave space-times. They cannot be achieved in type N space-times other 
than pp-waves, that do not contain a covariantly constant null vector, or in 
algebraically special space-times of different types (including type D space- 
times such as Schwarzschild and Kerr), or in algebraically general space-times. 

The pp-wave metrics have been widely studied both in the context of 
super-gravity and string theory since they constitute a convenient classical 
background and a simple toy model with vanishing curvature invariants, yet 
a rich internal structure, (see 

mm and references therein) Plane wave metrics are subsets of pp-waves with 
extra planar symmetry along the wave fronts. The interest in plane waves has 
remarkably increased since Penrose discovered that one can associate a plane 
wave metric to every space-time and a choice of null geodesic in that space- 
time |35] . This property is known as the Penrose limit, and was later extended 
to different string theories by Giiven EilST]. 

Ehlers and Kundt [38] showed that if a vacuum space-time contains a 
covariantly constant vector field (i.e. if it is a pp-wave vacuum), coordinates 
{u,v,x,y) can be found so that the line element is given by (also see [I5j l 

= 2H (u, X, y)du^ + 2dudv — dx^ — dy"^ (18) 

The NP tetrad for (fT^ is given by 

= (0,1,0,0), = (l,-id,0,0,), =-2 -i/2(o^o, l,i) (19) 

The NP derivative operators have the form 


D = d/dv A = d/du — Hd/dv 

6 = {—l/^/2){^/^x + id(dy) S = {—l/'/2){d/dx — id/dy) 


( 20 ) 
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The only non-vanishing NP spin coefficient for pp-wave vacuum space-time 
m is i/. The proca equations reduce to 


[DA + AD-66- SS + m^]r] = 0 (21) 

[DA + AD-d6- M -h -h {[2vD + D{i^)]C + c.c.} = 0 (22) 

[66+ 66-DA-AD-m‘^]C-D{r]D)-DDr] = 0 (23) 

[(5^ -I- 5(5 — DA — AD — m^]( — D{fji') — vDf] = 0 (24) 


Since the only non-vanishing spin coefficient is v, all the commutators except 
(5, Z\) vanish. 


<W = <W=l(g + 0) (25) 


Having DA = AD and 55 = 55, the decoupled equation for 77 can be written 
as [2(Z1Z\ — (55) -I- to ^]?7 = 0. Letting m = \/2fA) it takes the form 


------ 

dudv dv"^ 2 dx^ 2 dy^ + ^ J ^ 


(26) 


The separability of the decoupled equation (IMl) depends on the explicit form 
H = H{u, X, y). Let us consider a simple textbook example of a sandwich wave 
with H = {1/2)f{u){x‘^ — y^) [33] (also see [IS] ) such that /(it) is constant in 
the interval (ito,iii), and vanishes outside. Note that d/dv is a Killing vector 
impose separation of variables in the form 77 = e'‘^'"U{u)X{x)Y{y). (1331) takes 


the form 

+ (27) 

where a prime denotes the derivatives of the functions with respect to relevant 
variables. The separated equations for the functions U, X, Y are given by 

ikU' - {Xu - +^)U = 0 (28) 

X" - 2{k^x^ + X^)X = 0 (29) 

y" -f 2{k^y‘^ + Xy)Y = 0 (30) 

The functions have the form 

U = 

X = CiDu^{kix) + C2Dy^{ikix) (31) 

Y = C^Dy^ ((1 -|- i)k2y) + C4Dy^{{—l + i)k2y) 


where ki = 2^l^\fk, k 2 = 2^/‘^\fk, and Du{ x) are parabolic cylinder functions, 
(see [30]) 
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3 Electromagnetic fields 

In this section we evaluate electromagnetic fields in pp-wave background. Let 
us start with the spinor equivalent of the Maxwell tensor in NP formalism. 

FaBA'B' = (t^AB^A'B' + iAB^'A'B' (32) 

where (j)AB is a symmetric valence 2 spinor which generates 3 complex scalars 
via 

(j>0 = (I^ABO^O^, (j)i = (1 >abO^L^, <1)2 = <l)ABl^^l-^ (33) 

The explicit forms of the source-free Maxwell equations in terms of electro¬ 
magnetic scalars are as follows: 

{D — 2p)4>i — {S + TT — 2a)4>o + K(j)2 = 0 (34) 

(D — p + 2e)02 — (^ + 27r)^i -|- X(j>o = 0 (35) 

{S — 2r)(^i — {A + p — 2j)(j)o — (7(j)2 = 0 (36) 

((5 — r -I- 2/3)(^2 — {A-\- 2p)(j)i — v(j)Q = 0 (37) 

First we require that the background space-time contains a covariantly con¬ 
stant null vector V/ = 0 so that [k = t = a = p = 0). (l34l) and (IM)l reduce 
to 

D(pi — S(j)o = (tt — 2a)(j)o (38) 

A(j}o - 64>i = (27 - p)(j)o (39) 

Let us act on ((3^ with S, and on (l39ll with D from the left. 

{6D — D5)(j)i + DA(j)o — SS(j>o = 5[(7r — 2a)(t)o] + D[{2'y — /r)(^o] (40) 

In that background the commutation relation for 8 and D acting on a scalar 
is also reduced to 

{5D — DS)4>i = [—nD — (e — e)S\4>i (41) 

From Maxwell equations dSHl) and ([M]) we have D(j)i = [5 -I- (tt — 2a)](j)o and 
S(j)i = [A — {2^ — p)](j)o. Thus, using ((1T|) with and (1^ we can transform 
(|40l) to a decoupled second order equation for (po 

{DA — 55 — 7f[5 -I- (tt — 2q;)] — (e — e)[A — (27 — p)]}(t>o 

-(5[(7r - 2 q!)(/)o] - £>[(27 -/r)^o] = 0 (42) 

In pp-wave vacuum space-time m where the only non-vanishing NP scalar 
is v)^ the decoupled equation is reduced to 

{DA - 55)c/>o = 0 (43) 


^ One can apply a null rotation around I and the spin coefficients /r, A, and tt can attain 
non-zero values. In that case lO remains valid. Such a transformation is possible, though 
it may not be useful. 
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Relatively simple, but not decoupled second order equations can also be de¬ 
rived for (j)i and 4 > 2 - 


{DA — 6S)cj)i -I- D{i'(j)o) = 0 
{AD — SS)(j)2 — h'D4>i + 5{v4>o) = 0 

Using (1^ . (|i5)) takes the form 

dudv dv^ 2 dx^ 2 dy'^) ° 

(BSl) is the decoupled differential equation or the Maxwell scalar (po in pp- 
wave background. We see that it is identical with the decoupled equation 
for rj in the Proca case as we let y = 0. Let us consider the sandwich wave 
example of the previous section and impose separation of variables in the form 
Po = e'‘^'"U{u)X{x)Y{y). (HHll takes the form 


(44) 

(45) 


(46) 


2 --— -0 

**C/+*"^ 2X 2Y 


The separated equations for the functions U, X, Y are given by 

ikU' - XuU = 0 

X" - 2{k^x^ + K)X = 0 

r" -f 2{k'^y‘^ + Xy)Y = 0 


(47) 


(48) 

(49) 

(50) 


The functions have the form m with 11 = 0. 


4 Dirac fields 

We start with Dirac equation which couples two fermion fields via 


^AA' -\- ifJ,QA' — 0 

aa'Q^ + iyPA' = 0 ( 51 ) 

In NP formalism, Dirac’s equations (EH can explicitly be written in the form; 

{D Y e — p)P° -I- (j -f TT — a)P^ = ipQ^ (52) 

{A + y- 7 )pi + (^ - r + /3)P° = -iyQ° (53) 

{D+ e-p)Q° + {6+ Tt - a)Q^ = (54) 
{A + p-j)Q^ + {S + p-f)Q° = ipP° (55) 
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where P^,Q^ and P^,Q^ are components of P^^Q^ along the spinor dyad 
basis and respectively. In pp-wave background the explicit forms of 
Dirac equations reduce to 

DP° + 6P^ = (56) 

Z\pi + SP° = -ifj.Q° (57) 

DQ° + SQ^ = -ifiP^ (58) 

Z\Qi + SQ° = i^lP° (59) 

Since the only non-vanishing commutator is {SA — AS) = —vD we can elimi¬ 
nate from dMl) and 

{DA - 5~5)P^ = -in{DQ° + 5Q^) = -^l^P^ 

^ {DA -65 + /i2)P^ = 0 (60) 

Similarly one can derive a decoupled equation for 

{DA-55 + =Q (61) 

The equations for and can not be decoupled. 

{AD -55 + p?)P° + uDP^ = 0 (62) 

{AD - 55 + + DDQ^ =Q (63) 

The decoupled equations for P^ and have exactly the same form as (EH), 
while they reduce to ((^511 for massless Dirac fields. The arguments for separa¬ 
tion of variables for Proca and Maxwell fields directly apply to this case. 


5 Summary and conclusions 

In this work we represented the Proca vector by one complex and two real 
scalars. We showed that a decoupled equation can be derived for one of the 
real scalars if and only if the background space-time contains a covariantly 
constant null vector; thus it must be a pp-wave. We derived the explicit form 
of the decoupled equation in vacuum pp-wave metric and applied separation of 
variables for a simple example of a sandwich wave. We proceeded with Maxwell 
and Dirac fields in pp-wave background and derived decoupled equations for 
Maxwell scalar (j)o and components in dyad legs P^ and Q^. We showed that 
the decoupled equations in pp-wave background have the same form and the 
arguments for separation of variables can be directly applied. 

Note that there could be different decompositions of the Proca vector into 
degrees of freedom, some of which could satisfy decoupled equations in a wider 
class of space-times, hence our analysis in the NP formalism does not exclude 
all decouplings in space-times other than pp-waves. On the other hand, the 
NP-formalism is well-motivated by the correspondence between the structure 
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of matter/interaction fields and the structure of spacetime, i.e. spinors forming 
the most general representations of the Lorentz group and null vectors forming 
light cones; hence the associated decomposition should be regarded as very 
natural in some sense, therefore the result about decoupling and separability 
should also be regarded relevant. 


Acknowledgements This work is supported by Bogazigi University Research Fund, by 
grant number 7981. 


Appendix 

The Proca equation is 

[{n^D + A — 771^6 — m^5){nbD + l^A — ffibS — mbS) + m‘^]A°‘ = 0 (64) 

If the background space-time admits a covariantly constant null vector, it takes 
the form ( using ([31) and (lP?)) l 

{[DA + AD—SS— SS + {fj, +fl)D + {2a — TT)d + {2a — Tf)d] + m^}A°'= 0 (65) 

Multiplying from the left with TOq we get 

maV’’VbA‘^ = {-DA -AD+ 66 + M)C 
+D{2-fC) + A{2eC) - 6{2aC) + 6{2aC) 

{[27 — {/7 + /2)]D + 2eA — [ 2 q; -|- {2a — 7r)](5 -I- tt^ 

—8je — 8aa + 2e(/i + /2) + 2a7r — 2aTr}( 

—D{vvi) — A{ttvi) + 6{p,r]) + 6{Xr] + {—ttA — DD -|- A5 -I- 

+2eP + 2jTf — 4aA + 2Tffl -|- ttA — 7 r/i .}?7 — = 0 ( 66 ) 

The equation fha{y^yb + m'^)A°‘ = 0 is the complex conjugate of (1551) . Let us 
evaluate Uaiy^Vb + to^)A“ = 0 

UaV^VbA'^ = {{DA + AD-66- U) + [/iD + {2a - tt)6 + c.c.]}^ 
+{[D{u) + 2vD + A{t:) -|- 27rZ\ — (5(C) — 2A^ — 5{^) — 2/i5]C -I- c.c.} 

+ [{2eD — 2jtt + 4 q;/i + fi-K — 7rA)C + c.c.] 

-|- 2 ( 7 r^ + Dtt — /j ,/2 — XX)r] + = 0 (67) 

These equations will take the form (EH) and in a pp-wave space-time. In 
a generic space-time the equation na(V^Vf, -I- m^)A“ = 0 takes the form: 

{{DA + AD — 66 — 66) + [(7 -I- 7 ) -I- (/i -I- p.)]D + [3(e -I- e) — (p -I- p)]A}^ 

{[f - n - {a + 3/3)](5 -I- c.c}C 

{I ?(7 -I- 7 ) -I- A{e -I- e) — [( 5 ( q ; + P) + c.c]}C 

{(e + e)[2(7 + 7 ) + (m + P-)] + [(a -f /3)(t - tt - 2^) -t c.c] 

+ {pp + aX — TTT — Ki' + c.c) — {p + p){'-f + 7) + 
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{[^(3e + e — p— p)p,{a — 3^ + f) + A(r — n — a — f3) + tt{2^ + p) 

+D(y) + A{'k) - 6{X) - Sp]( + c.c} 

+2[(z/7f + vtt) — (pp, + AA)]77 = 0 ( 68 ) 

The equation (1551) couples p, ( and C- If the space-time satisfies \ = v = tt = 
/^ = 0 , it reduces to a decoupled equation for ^ as suggested by proposition 
dl]). If we further impose (e-fe) = ( 7 -I- 7 ) = {a + jS) = 0 (so that a-|-3^ = —2a 
), (1551) reduces to (1T51) . 

Let us also review the form of Za(V^V&-|-TO^)A“ = 0 in a generic space-time. 

{{DA + AD — 66 — 66) + [— 3(7 + 7 ) + (l^ + p)]D + [— (e -I- e) -|- (p -I- p)]A}p 

{[f — t: + (3a -I- i5)]5 -\- c.cjry 

{-£>(7 -I- 7 ) - A{e -I- e) + [5(a -|- /3) -I- c.cjjp 

{(e + e)[2(7 + 7 ) - (/^ + P-)] + [(« + /3)(^ - t - 2a) + c.c] 

+{pp + a\ — TTT — Kv + c.c) + (p + p )(7 + 7 ) + TC?}p 

{[k(37 -I- 7 — p — p) -I- p{j3 — 3a -I- tt) -I- a{T: — t — a — P) + f(p — 2e) 

—D{f) — A{R) + 5{a) + d(p)]C + c.c} 

-1-2[(kt-I-kt) — (pp-I-crd-)]^ = 0 (69) 

Similarly, the equation (1551) couples p, ( and If the space-time satisfies 
K = r = p = tT = 0 , it reduces to a decoupled equation for p as suggested by 
proposition dH). If we further impose (e -I- e) = (7 -|- 7 ) = (d -I- /3) = 0 (so that 
3a -I- ,5 = 2a ), (1551) reduces to (Ill- 
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